PRESCRIBING THE SCALAR CURVATURE 
IN THE NULL CASE 

OLIVIER DRUET 



Abstract. In this paper, we give a proof of the Kazdan- Warner conjecture 
concerning the prescribed scalar curvature problem in the null case. 



1. Introduction 

Let (M, g) be a smooth compact Riemannian manifold of dimension n > 3. The 
Yamabe invariant of (Af , g) is a conformal invariant defined by 

^ iB\ '^h ^^^S (M)-"^ f dv-, (1) 
4:[n — i) ge[g\ Jm 

where 

[g] = {e'^g,ueC^ (M)} 
is the conformal class of g, Volg (M) denotes the volume of M with respect to the 
Riemannian measure associated to g and Sg denotes the scalar curvature of (M, g). 

4 

If g — u"-^g for some smooth positive function u, then the scalar curvatures of g 
and g are related by the following equation : 

4(n-l)^ 4(n-l)' 
where 2* = ^^^^ and AgU — —divg (Vu). This permits to rewrite 1^ as 



Ag7/+ " \ SgU= '' ^ S~gU^*'^ (2) 



/m (I 



^^< + J^)SgU-)d-a 
fi„ = mi 2 ■ (3) 

In this paper, we deal with the so-called prescribed scalar curvature problem in the 
null case. We assume that fig — and we consider the following question : given 
/ G C°° (M), does there exist g E [g] such that Sg = f 1 Thanks to equation lI2J), 
and up to some obvious rescaling, the question is equivalent to : given / G C°° (M), 
does there exist some smooth positive solution u of 

n — 2 * 
4(n - 1) 

The case / = corresponds to the well-known Yamabe problem in the null case, see 
Yamabe jl5| . and has been solved in this situation by Trudinger 14 . Thus we may 
assume without loss of generality that Sg = Q and that Volg (M) = 1 since there 
always exists such a metric in the conformal class of g. Then the above equation 
becomes 

AgU = . (4) 
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Obvious necessary conditions on / so that there exists a smooth positive solution 
u of the above equation are that 



and that 



.fdvg<0 (5) 

M 



max/>0 (6) 



if / ^ 0, what we will assume in the sequel since the case / = is already settled. 
In order to prove that © is a necessary condition, one has just to multiply equation 
(@J) by and to integrate over M to obtain that 



f dVg = U AgUdVg = " / U l l g "^^3 ^ ^ 

since u ^ Cst if / ^ 0. As for the second necessary condition one has just to 
integrate equation Q over M to obtain that 

fu^^-^dvg = 

I M 

which enforces / to change sign if it is not identically zero. 

The natural question then is : are the conditions ^ and ^ sufhcient for / to be 
the scalar curvature of a metric conformal to g ? In the sequel of their 2-dimensional 
work |12| . Kazdan and Warner conjectured that the answer to this question was 
positive (see j^lEI)- Jung, in jJUj, used the technique of sub- and upper-solution 
to solve equation under the assumptions (01 and ©. However, there is some 
problem in this proof - see p. 743 of Ti7 - since the limit, for s > real, of 



as a; — > 0+ is not 1 but s~'^ . We provide in this paper a proof of the conjecture of 
Kazdan and Warner, based on fine blow-up analysis. In other words, we prove the 
following result : 

Theorem 1.1. Let [M,g) he a smooth compact Riemannian manifold of dimension 
n > 3 with null scalar curvature. A smooth function f on M is the scalar curvature 
of a metric conformal to g if and only if f = or 0) and 0) hold. 

Note that this result had already been proved in dimensions 3 and 4 by minimi- 
sation techniques and test functions computations by Escobar and Schoen 6 . In 
this work, they also proved the existence of a solution of the equation (0J under 
some flatness assumptions on / around one of its maximum point in the case (M, g) 
is locally conformally flat. 

The solution we obtain during the proof of the theorem is a solution of minimal 
energy, a so-called minimizing solution. 

Let us at last remark that, given {M, g) a smooth compact Riemannian manifold 

4 

of dimension n > 3 with null Yamabe invariant, there exists a unique g = Lp"-^g 
with zero scalar curvature and Volg (M) = 1. The conditions and ^ of theorem 
II .11 can be rewritten in terms of g as follows : maxM / > and /^^ f(p^ dvg < 0. 
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2. Proof of the theorem 

We assume in the following that (Af , g) has null scalar curvature and that 
Volg (M) = 1. We let / e C°° (M), / ^ 0, be such that © and ® hold. We first 
recall, and give a quick proof of, the following classical result which deals with the 
subcritical equation : 

Claim 2.1. Let {M,g) he a smooth compact Riemannian manifold of dimension 
n > 3 with null scalar curvature. Let f G C°° (M), / ^ 0, be such that |3|) and ^ 
hold. For any 2 < q < 2*, there exists Uq G C°° {M), Uq > 0, such that 



'\7Uq\l dVg = Ag , Uq <EHq 
M 



where 



nq = l^ueH^iM) s.t. 



f\u\UVg = 1 



A„ = inf / iVult dv 



Moreover, Uq satisfies that 

AgUq = Xqfu'^-' . 

Proof - It is rather standard and we just outline the proof. First, under the 
assumptions made on /, it is easily checked that Tiq is not empty. Let (ui) be a 
sequence of functions in Tiq such that 

2 

VWil dVg Xq 

M 

as i — > +00. If we prove that (ui) is bounded in Hi (M), then we can extract a 
subsequence which converges to a solution of our problem. It is straightforward 
since the embedding of Hf (M) into L'^ (A/) is compact for q <2* . Moreover, our 
minimizer may be choosen nonnegative and the result will follow from the Euler- 
Lagrange equation satisfied by the minimizer, from standard regularity theory and 
from the maximum principle. Thus it remains to prove that {ui) is bounded in 

Hi (Af). Since is bounded in (Af), we just have to prove that (u^) is 

bounded in L^ {M). Assume by contradiction that ||ui||2 ^ +00 as i ^ +00. Let 
Vi = II "'11^ ■ Then it is clear that (u^) is bounded in Hf (Af) and that ||Vwi||2 — > as 
i — > +CX). Thus Vi — > Voo strongly in H^ (Af) as i — > +cxd where Voo = 1- Remember 
that Volg (Af ) = 1. We thus obtain that 

= lim / f\vi\''dvg^ / /|woo|''rfug= / f dvg , 

l^ + OC Jj^j J^j 

which is a contradiction since J^^ / dvg < 0. This ends the proof of the claim. <^ 
Let us now consider the solution Uq of 



Agf^q — Xq 



ful-\ [ fuldvg^l, (7) 
JM 



IM 

given by claim EH Note that Xq > since, otherwise, Uq would be constant and 
the constraint Jj^fu'^dvg — 1 could not be satisfied since Jj^ f dvg < 0. If (uq) 
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is bounded in L°° (M), then standard elliptic theory gives that, after passing to a 
subsequence, Uq —^ uq in (M) as g 2* where uq satisfies that 

AgMo = A2*/uo / ful dvg^l. 

J M 



Indeed, it is easy to check that 



lim A„ = A2* . (8) 



Then it is clear that A2* > and that X^^^ uq is a smooth positive solution of Q 
thanks to the maximum principle and standard regularity theory. Thus, in this 
case, the theorem is proved. We assume now by contradiction that 

Uq (xq) = +00 as g ^ 2* . (9) 

We prove the following : 

Claim 2.2. Assume that 0^ holds. Then we have that, after passing to a subse- 
quence, 

Uq {Xq)''^ Uq (exp^_^ {t^qX)^ {l + \x\'^f ' 

m Cf„^ (R") asq^2* where 

Proof - Let us first remark that {uq) is bounded in (M). Since || Vitg||2 A2* 
as (7 2*, we only need to prove that (uq) is bounded in (M). Assume on the 
contrary that WuqW^ +00 as g ^ 2*. Wc then easily obtain that 

\\Uq\\2 

strongly in (M) as g — > 2*. This is clearly in contradiction with the fact that 
Jj^fu'^dvg = 1 since Jj^^ f dvg < 0. Thus (uq) is bounded in Hf {M). As a 
consequence of Sobolev's embeddings, we know that there exists some A > such 
that 

/ u« dwg < A . (10) 
Jm 

We let now ^ > small enough and we set for x E Bq (^Suq {xq)^~^ 

Vq (x) = Uq {Xq)~^ Uq (cxp^^ (uq {Xq, 

gq{x) = exp*^ g (exp^_^ {uq {xq)~^ x^j , (11) 

fq {x) = f (exp^^ {uq {Xq)~^ X^j . 

It is clear that gq — > ^, the Euclidean metric, in C£,^ (R") as g 2*, that fq — *■ /(ccg) 
in Cf^^ (R") as g ^ 2* where, after passing to a subsequence, = hm,_^2* Xq and 

that < < 1 in i?o {^&Uq {xq)^~^ with fg(0) — 1. Moreover, we have that 

^.^Vq^XqfqVl-' 



q-2 
^ X 
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in Bq (^Suq {xq)^~^ . Standard elliptic theory gives then that 

Vq -> vo in Cl^ (R") as g ^ 2* 

where < vq < I, i'o(O) = 1 and 

A^vq = A2*/(a;o)uo • 

Since is a point of maximum of vq, A^uo(O) > and thus /{xq) > 0. Assume by 
contradiction that 

A2*/(xo) = 0. (12) 
Then vq is a bounded harmonic function in K." with vq{0) ~ 1 and thus vq = 1. 
Now we write thanks to (1 1011 that 



> Uq{Xqi^*-'^^^ / Vldv,^ 

JBo{R) 

> / vl* dv!= + o(l) . 
Jb„{r) 



This clearly proves that vq £ (M") and thus that vq ^ 1. In particular, p2|) 
can not hold and X2* f (xq) > 0. It is then clear that 

in Cf^^ (M") as q ^ 2* where Hq is as in the proposition and Uq satisfies that 
< C/o < 1, C^o(O) = 1 and 

A^[/o = n(n-2)[/2*-i ^ 
By the classification result of Caffarelli-Gidas-Spruck 0, we know that 

uo{x) = {i+\x\'y-^ . 

This ends the proof of the claim. (} 
We next prove the following : 

Claim 2.3. Under the assumption we have that, after passing to a subsequence, 
Uq ^ in Hf (M) as q —> 2* and that 



lim A„ = As* = max / K(n, 2)"^ 

9^2* ^ \ M J 

where 

with LOn the volume of the unit n-sphere in R"^"'^. Moreover, we have that 



lim lim / fw' dvn = 1 



that f{xo) = maxM / and that 



lim Uq {Xqf * = 1 
q >Z 
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Proof - Thanks to claim we can write that 



fUq dVg 



Bo(R) 



Ul dx + o{l) 



As shown during the proof of claim we have that {uq) is bounded in (M). 
Thus, by Sobolev's embeddings, {uq) is uniformly bounded in {M). We deduce 
that, after passing to a subsequence. 



Uq {Xqf^-'''^^ 

as q — > 2* for some A>1. It is also easily checked that 



(13) 



hm An = A2* 



and that 



This leads to 



Uq dx ^ {n[n - 1)) K{n,2y 



lim lim / 



(14) 

Since (uq) is bounded in Hi (M), after passing to a subsequence, Uq uq weakly 
in (M) as g ^ 2*. It is clear thanks to (|14() that the convergence can not be 
strong. We then write that 



M 



f \uq - Mol' dvg = 1- f |uo|' dvg + 0(1) 



M 



and that 



M 



|V {Uq - Uo)\l = A2* - / \VU0\l dVg + 0(1) 



(15) 



(16) 



M 



Equation is trivial while equation p5|) is easy to obtain (see for instance ^). 
By the definition of Ag, we have that 



A„ 



M 



f \uo\'' dvg 



M 



f luol'' dvg < IIVU0II2 



and that 



A„ 



M 



f \Uq - UqI'' dVc_ 



M 



f \Uq - Uol'' dVg < II V {Uq - Uq) 



Passing to the limit in these two inequalities, using H15|l and p6|l . we get that 

X2*\X\^-'x<\\Vuo\\l (17) 

and that 

A2* |1 - X\^^^ (1 ~ ^) < A2* - IIVU0II2 (18) 

where 



X 



/|uo| dvg 



M 
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Since ||Vwo||2 < A2* thanks to H16(l . the first inequality ensures that X < 1 while 
the second inequality ensures that X > 0. Next we sum (I17II and (|18|l to get that 

\X\^~^X + |1 (1 -X) < 1 . 

Since < X < 1, this is possible if and only ii X = or X = 1. But, ii X = 1, 
(|16|l and 117() imply that Uq — > uo stronly in (M). As already said, this can not 
happen. Thus X = and 1)181) implies in turn that ||Vuo||2 = so that uq = Cst. 
Since X — Jj^j f \uq\^ dx — and ,f dvg < 0, this clearly implies that uq = 0. 
This proves the first part of the claim. Thanks to the work of Hebey-Vaugon [S] |5| , 
we know that there exists B > such that 

\\uq\\l<Kin,2)'\\VuX + B\\uq\\l 

for all g < 2* where K{n, 2) is as in the statement of the claim. Since the embedding 



of Hf (M) into (M) is compact, we have that \\uq\\^ ^ as g — *■ 2* so that we 



get that 

\\uq\\l < K{n,2f \\Vuq\\l + o{l) 
In particular, we deduce that 



1+ / f-UldVg = / f+uldVg 

IM Jm 



< {maxfjWuqWl^VolgiM}^ 

< (um^f)K{n,2y\\Vuq\\l + o{l) 

< (umxfy Kin,2fXj +oil) 
where /+ = 5 (/ + |/|) and /" = 5 (|/| - /). This leads to 

A2* > (max/^ '* K{n,2)-^ . 

Standard test-functions computations, we refer to for instance, show that the 
reverse inequality also holds. Thus we have that 

_ 2 

A2* = (max/) ^ K{n,2y^ . (19) 
Then we can also deduce that 

f~uldvg ^0 as q 2* . (20) 
Let us come back to ((T^ with (fT^ . We obtain that 

hm hm / fuUvg^i'^^y' A. 

Since Jj^j fu'^ dvg = 1 and thanks to (|20|) . we deduce that f{xo) — maxj\/ / and 
that A = 1. This ends the proof of the claim. (} 

We now prove the following weak pointwise estimates on Uq : 
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Claim 2.4. There exists C > such that 

2 

dg {Xq,x)''-^ Uq{x) < C 

for all X ^ M and all q < 2* . Moreover, we have that 

2 

lim lim sup dg {xq,x)''-^ Uq{x) = . 

Proof - The proof is rather standard and foUows the hnes of 0]. We also refer to 
[5] for this kind of argument. We briefly sketch the proof in the following. Let us 
set 

2 

Wq{x) = dg {Xq,x)''-^ Uq{x) 

and let yq e M be such that 

Wq (j/„) = maxw„ . 

Assume by contradiction that 

Wq iVq) ^ +00 asq^2* . (21) 
Since M is compact, it is clear that Uq (yq) +oo as q ^ 2*. We let now S > 
small enough and we set for x E Bq (^Suq (yq) ^ ^ 

Vq (x) = Uq {yqY^ Uq (exPj^^ {uq {yq) ~ X^^ , 

gq{x) = exp^_^ g (eyipy^ (uq (yg)""^ a:)) , (22) 
/g (a;) = / (expy^^ (m, (%)^^ x^) ■ 

It is clear that gq ^ i and that /(2/0) in C'zoc (^"') as g 2* where, after 

passing to a subsequence, y^ = limg^2* Uq- Moreover, we have that 

^g,Vq = XqfqVl'^ 

in Bq {^Uq {yq)^~^ ■ Let now x G M" and let us write thanks to the choice of yq 
we made that 

dg (^Xq,eyi-py^ (uq [ygV^ x^j Vq{x)^ < dg {Xq,yq) . 

This leads to 

/ g-2 \ ,-2 

[dg{Xq,yq) -\x\Uq{yq) j Vq{x) ^ <dg{Xq,yq) 

which can be written as 

(l-lxlWqiyqy^^Vqix)"^ <1. 

We deduce from (|2J that 

Vq (x) < 1 + 0(1) . 
Standard elliptic theory gives then that 

vq^vo inCL(R") as 9 ^2* 
where < vq < 1, vo{0) — 1 and 

Ajwo = A2*/(2/o)wo ■ 
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Mimicking the proof of claim [T^ one proves that /(yo) > 0. We then write since 
ll^allL — > 1 as g ^ 2*, see claim IT^ that 

lim [ . ful dvg = f{yo) [ v^* dx > . (23) 

''^^ JBy^{^Ru,{y,r^) JBo{R) 

Note that (|21|l implies that 

dg{xq,yq) 



9-2 

(y?) ' 



and that 

as g ^ 2* thanks to the definition of /ig and of Xq. Thus we can write thanks to 
P1| that for any i? > 0, 



M ^ / f< dvg+ ful dv, + o(l) 



for g close to 2* which leads to a contradiction thanks to claim 12.31 and to H23fl 
since Jj^^ fu"^ dvg =^ 1. Thus we have proved the first part of the claim. Note that, 
as a consequence of this estimate, we know that (uq) is uniformly bounded in any 
compact subset of M \ {xq}. Standard elliptic theory then gives since ^ in 
(M) that 

Uq^O in \ {xo}) as g ^ 2* . (24) 

Let us now assume by contradiction that the second estimate of the proposition 
does not hold. In other words, let us assume that there exists Zq € M such that 

^""^'"^^^ ^ +0O as g ^ 2* (25) 

and that 

Wq (Zq) > £o (26) 

for some Eq > 0. Note that H2t)|) together with H24|l implies that dg {xq, z^) ^ as 
g ^ 2* and thus that Uq (zq) +oo a.s q ^ 2*. One can then check that, after 
passing to a subsequence, 

Uq {Zq)~^ Uq (exp^^ (^Uq {Zq)~^ 

in CL (R" \ {P}) where 



Vn 



P= \im Uq{zq) 2 exp^^i(xg) 

q >2 

^p2_ 2 

which does exist and satisfies Eq ^ < |P| < C ^'-^ where C is the constant involved 
in the first estimate of the claim. Moreover, Vq satisfies that Vb(0) = 1 and that 

A^Vo = X2^f{xo)Vo^'-^ inR"\{P} . 

This implies in particular that 

lim / / 2 ,-2\ /"gciug = /(xo) / / 2\V^'dx>0. 
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Using (|25(l and (|26(l . one proves that, for any R > 0, the balls Bx^ (RfJ-q) and 



q-2 



\ (-^9) ~ j ^^"^ disjoint for q close to 2*. And one obtains a contra- 

diction as in the first part of the proof. This ends the proof of the claim. 

We transform now this weak pointwise estimate into an almost optimal pointwise 
estimate. Once again, we refer to 5 for the general scheme of this kind of proof. 

Claim 2.5. For any < e < 1, there exists > such that 
for all X ^ M \ {xq} and all q < 2* . Here, rjq is defined by 

rjq = sup Uq 

M\B^^ (5) 

where S > is fixed small enough. 

Proof - We let G be the Green function for the Laplacian on M normalized such 
that 

/ G{x,y) dvg{y)=0 

J M 

for all X G M . We let Gq{x) = G {xq, x) and we let (5 > be such that 

dA^q.^) ' gj^) >^ andG,(a;)>l (27) 

for X G Bx (25). For the construction of and estimates on the Green function, we 
refer the reader to the Appendix of [S]. We fix < e < 1 and we choose > 
such that 

Xqdq {Xq, xf Uq (x)*"' < ' ^} ' ^ ' iu M \ B,^ {R,^q) (28) 

for q close to 2* thanks to claim We let Lq be the linear operator defined by 

Lq(p = Agip - Xqful'^'^ip . 

This operator satisfies the maximum principle on M in the following sense (see 
PP) : if is a smooth subset of M and if tp and -tp are two smooth functions in a 
neighbourhood of such that 

Lqip > Lqip in f2 

and 

> V' on 951 , 

then iy9 > ?/; in We note that LqUq = in M . Simple computations lead thanks 
to ^ and (ED) to 

Kjq Uq 

> dg (Xq, Xy'^ (1 - I/) ^'^ ^^-^ Xqf{xo)dg {Xq, xf Uqix)'^^'^ 

> 
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in Bx^ (2(5) \ Bx^ {Refiq) for q close to 2* and for = e and ly = 1 — e. Using now 
claim and standard estimates on the Green function, we obtain the existence of 
some Ce > such that 

< Ce (Aig^^'"'"^G, (X)^-' + TJqGq {xf^ 

on d {Bx^ (2(5) \ Bx^ (i?e/iq)). Note that we used the fact that Uq {xq)^ ^ 1 as 
(7 — > 2*, which was proved in claim The maximum principle and standard 
estimates on the Green function permit to conclude the proof of the claim. Note 
that, outside Bx (2(5), the estimate of the claim is obviously satisfied, up to change 

Remark that, by standard elliptic theory, see for instance "T*, chapter 8, we know 
that 

in Cf^^ {M \ {xq}) as g ^ 2* where iJ is a nonzero positive function satisfying that 
AgH = in Af \ {xq}. Multiplying the equation by wj^'' and integrating over 
M, we obtain that 



/ fdVg = -((7-1)/ Ug'^\WUq\l dVg 

Jm Jm 

< -iq-l)ill^{f H-'^\S7Hf dvg + o{l)] 

for all (5 > 0. Since 77^ ^ as g ^ 2* thanks to H24(l . this clearly implies that 
WH = 0. Thus, by the definition of rjq, we get that H = 1 and we have proved that 



^^1 mCL{M\{xo}) as (7 ^2*. (29) 

Vq 

We now describe precisely the asymptotic behaviour of Uq : 
Claim 2.6. For any sequence {uq) of points in M , we have that 

UqiVq) = U^+2"'^^^^Uq{Xqy^ (p{yq)+o(uq{Xqy'^'j 

+ UqiXq)(^l + ^^^^^'^ ^ {<i>{Xq,yq)+0il)). 

In this equation, 
and (fi is a solution of 
with ip = and 

*(x, y) ^ {n~ 2) ujn-idg {x, ?/)""^ G {x, y) 

where G is the Green function of the Laplacian on M normalized such that 



M 



UqdVg 



Ag^ = ( 1 - ^- 



G{x,y) dvg{y) = 

M 



for all X e M. 



12 



OLIVIER DRUET 



Proof - We fix < e < . We first write by integrating equation iQ over M 
that 



/U'-I dVg = 



M 

and thus that 

/ ful-Uvg = -[ 

for all a > 1. Thanks to Lebesgue's dominated convergence theorem and to 
we have that 



' {u^(x)<ar]g} 



Jul ^ dVg 



(30) 



{uq{x)<ariq} 



(31) 



M 



We write also thanks to claim that, for any i? > 0, 



(32) 



Thanks to claim ?TM we have that 



{Ug{x)>a-ng}\B^g{Rflg) 



A/\B^,(flM,) 



(2-n){l-6)(q-l) 



dVn 



{ug{x)>ar)g}\B^ (RiLq) 



dg {Xq^Xy^ dVg 



^-2 n-(,i + 2)e 



where C changes from line to line but is always independent of i?, a and q. Here 
we used the fact that e < and the fact that Ug [xqf' ""^ — > 1 as g — > 2*, which 
was proved in claim We also used the following consequence of claim IT^ : 

2a 



Either Uq{x) > arjq dg (a 



9' • 



\(n-2)e ^ 



or 77q < 



(— 



-(l-2e) 



(33) 



Since < £ < we deduce from the above estimate and the definition of fiq 

that 

/{«,(:r)>a^,}\B,,(flM,) •^"9 ^ '^"f „ 

lim lim lim -. = U . 

„^+oo i?^ + oo 9^2* Uq{Xq) + 

Now, thanks to claims and it is easily checked that 

iq {Xq) 1 fu^j^^ dVg = . 

Coming back to (|32|l with (|34() and l|35() , we thus get that 



lim lim u„ 



(34) 
(35) 



fu\ ^dVg ^" ^ Uq {Xq) ^ + O (uq (Xq) + O (tJ^ ^) . (36) 



I {ug{x)>arjg} 
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Coming back to (pn|l with (pTT]! and , we obtain that 

^r^^" ^ ^Y^ '^qi^qV^ +o(uq{Xqy^^ . (37) 

We write now thanks to the Green representation formula that 

Uq{yq)-U^^\j G(yq,x) J{x)Uq{xY^^ dVg{x) (38) 

J M 

for aU sequences Uq e M . We write thanks to Lebesgue's dominated convergence 
theorem, to (f^ and to l(T7|l that 



G {yq,x) f{x)Uq{xY ^l{«,<a,,,} dVg{x) 

-vr' I G{yq,x)f{x)dvq+o{vy') 



nf 

for aU a > 0. We can write now that 



.,K,-'/^G(„„.,/(.)<i., + „(„,K)-') 



G{yq,x) f{x)dvg = / G{yq,x) {f{x) ~ J) dvg 

M JM 

= -f^fiVq) 
^2 



so that we obtain that 



A, / G{yq,x) f{x)uq{x)'J il|„^<„^j dwg(a;) 

J M 



n 



-Uq{Xq) ip{yq) +o(uq{Xq) ^ 



(39) 



We assume in the following that ''■ni^q'Vq) since, otherwise, the estimate of 

p— — - 

the claim is a straightforward consequence of claim 12.21 We write thanks to claim 
Othat 

G iyq,x) f{x)uq{xy-'^l[u^ya'n,} dvg{x) 

M 

G {jjq, X) f{x)Uq{xY^'^ dVg{x) 



G{yq.,x) f{x)uq{xf 4 >„,,^ } (o;) . 

Then, thanks to the estimate of claim to (|33|l and H37|l - note that (|37|l prevents 
the second situation from happening in H33|l . and to standard estimates on the Green 
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function, we can write that 

G {yq, x) f{x)uq{xy~^l{u,>a'n,} dvg{x) 



/M\S,,(flM,) 



+CUq{Xq) / dg{yq,x) dgiXq.xf 1 {^^ya-q^} dv g{x) 

Jm\B^^(R4,,) 



1-2 „ 2-(n + 2). 

'-- 2)e 



for some C > independent of _R, a and g thanks to the fact that e < In 
particular, we obtain that 

hlXB, (Ri.,)G{yq,x) f{x)Uq{xY-^l{u^ya,^^}dVg{x) 

lim Hm Hm = , = . (40) 

It is now easily checked thanks to claim that 

lim lim 

fl- + oog-2* Uq{Xq) G{yq,Xq) ^^^^ 

UJn-i ( n(n - 2) 



Coming back to with (|^ . and |(1T|| . we obtain using claim 12.31 that 

Uq{yq)-—q = ^(n - 2) W„_l ^^^^ + o(l)^ (xg)"^ G (y,, X J 



+- 



n 



'^gi^q'Vq) _|_qo. Using claim HT^ one ends the proof. <^ 
We conclude the proof of the theorem. We set 

Rq = Uq (Xq) {Uq - U^) 

and we write that 



Agi?g = XqUq (Xq) fu 



q^l 

1 



Let iiT be a compact subset of M \ {xq}. Thanks to proposition we know that 
^ 2"^^^^ + (n - 2) c^„-i2"- V (xo)-"^ G (xq, . ) 



n 



in C° [K) as g -> 2*. Using also and ||23), we get that 

n / 

in (K) as q ^ 2*. Thus, by standard elliptic theory, the above convergence of 
Rq holds in {K) and we can pass to the limit in the equation satisfied by Rq to 
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obtain that 



n J n 



which is clearly a contradiction. This proves the theorem. 

Remarks : the solution we obtain is a minimizing solution in the sense we have 
that 

" \\/u\ldVg^X2^{f) 

M 

and u £ 7^2* where A2* (/) and 7^2* (/) are as in claim ITTI We add the dependence 
in / with respect to the notations of claim I^TTl Note also that as a consequence of 
this result, we have that 

_ 2 

A2*(/)<if(n,2)-2(m^ax/) ^ (42) 

for all smooth functions / satisfying |SJl and ©, a result which is not obvious 
a priori. Indeed, imagine that, on the contrary, there exists some / G C°° (M) 
satisfying (|3J) and 10 and such that 

_ 2 

A2*(/)-X(n,2)-2(m^ax/) ^ . (43) 

Let us look at the function / = — maxM / + 2/ which satisfies (O and jnj and 
which satisfies moreover that max a/ / — maxM /. By test functions computations 
we know that 

A2* (/) <K{n,2)-^ (m^ax/ 

Moreover, thanks to what we proved above, there exists u G C°° (M), u > 0, which 
satisfies that 



fu^ dvg = 1 



and that 



I M 

Since f > f and / ^ /, we have that 



M 



Vu\l dvg = A2* (/) < Kin,2)-^ fe^'^) 



2* 

fu dvg > 1 

and we can write thanks to the definition of A2* (/) that 

2 2 
A2*(/) Uf^^* dvgj < |Vu|^ dvg < K{n,2)-^ h*^^/)"^ ' 

This is clearly in contradiction with 143|l . Thus the above claim (|42l) is proved. 



Acknovirledgements : I would like to thank Emmanuel Hebey and Frederic 
Robert for their interest in this work and their fruitful comments about this paper. 



16 



OLIVIER DRUET 



References 

1. H. Berestycki, L. Nirenberg, and S. Varadhan, The principal eigenvalue and maximum prin- 
ciple for second order elliptic operators in general domains, Comm. Pure Appl. Math. 47 
(1994), 47-92. 

2. H. Brczis and E. Licb, A relation between point-wise convergence of functions and convergence 
of functionals, Proc. Amcr. Math. Soc. 88, 3 (1983), 486-490. 

3. L.A. CaffarcUi, B. Gidas, and J. Spruck, Asymptotic symmetry and local behavior of semilinear 
elliptic equations with critical Sobolev growth, Comm. Pure Appl. Math. 42 (1989), 271-297. 

4. O. Druet, The best constants problem in Sobolev inequalities, Math. Ann. 314 (1999), 327- 
346. 

5. O. Druet, E. Hebey, and F. Robert, Blow-up theory for elliptic PDEs in Riemannian geom- 
etry. Mathematical Notes, vol. 45, Princeton University Press, 2004. 

6. J.F. Escobar and R. Schocn, Conformal metrics with prescribed scalar curvature, Inventiones 

Mathcmaticac 86 (1986), 243-254. 

7. D. Gilbarg and N. Trudinger, Elliptic partial differential equations of second order, Springer- 
Vcrlag, BcrUn Heidelberg New York, 1977. 

8. E. Hebey and M. Vaugon, The best constant problem in the Sobolev embedding theorem for 
complete Riemannian manifolds, Duke Math. J. 79 (1995), 235—279. 

9. , Meilleures constantes dans le theoreme d'inclusion de Sobolev, Ann. Inst. H. 

Poincare. Anal. Non Lineaire 13 (1996), 57-93. 

10. Y.T. Jung, On the elliptic equation '^^^_2^ Att + K{x)u "-^ = and the conformal deforma- 
tion of Riemannian metrics, Indiana Univ. Math. J. 43 (1994), 737-746. 

11. J.L. Kazdan, Prescribing the curvature of a Riemannian manifold, CBMS, vol. 57, A.M.S., 
Providence, R.I., 1984. 

12. J.L. Kazdan and F.W. Warner, Curvature function for compact 2-manifolds, Ann. of Math. 
99 (1974), 14-74. 

13. , Scalar curvature and conformal deformation of Riemannian structure. Journal of 

Differential Geometry 10 (1975), 113-134. 

14. N.S. Trudinger, Remarks concerning the conformal deformation of Riemannian structures on 
compact manifolds, Ann. Scuola Norm. Sup. Pisa 22 (1968), 265-274. 

15. H. Yamabe, On a deformation of Riemannian structures on compact manifolds, Osaka Math. 
J. 12 (1960), 21-37. 

Olivier Druet, UMPA - ENS Lyon, 46, allbe dTtalie, F-69364 Lyon Cedex 7, France 
E-mail address: odruetaumpa.ens-lyon.f r 



